
Relativistic UniverseRelativistic Universe

General relativity VGeneral relativity VII::
Einstein equationsEinstein equations andand FriedmanFriedman

solutionsolution



MetricMetric

Locally any curved manifold is Locally any curved manifold is 
characterized by its metric (interval), which characterized by its metric (interval), which 
tells the distance between a point and tells the distance between a point and 
points in its neighborhood.points in its neighborhood.

2ds g dx dxµ ν
µν=

2ds g dx dxµ ν
µν=



GeodesicGeodesic equationequation

A test particle (the particle whose own A test particle (the particle whose own 
gravitational field can be neglected) moves gravitational field can be neglected) moves 
along geodesicalong geodesic
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ChristoffelChristoffel symbolssymbols
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CovariantCovariant derivativederivative

In turning from flat to curved space one In turning from flat to curved space one 
should replace partial derivatives with the should replace partial derivatives with the 
covariant onescovariant ones

( ) ( ) ( ) ( )v x v x x v xα α α ν
µ µ µν∇ = ∂ + Γ

( ) ( ) ( ) ( )v x v x x v xβ
µ α µ α µα β∇ = ∂ − Γ

( ) ( ) ( ) ( ) ( ) ( )t x t x x t x x t xδ δ
µ αβ µ αβ µα δβ µβ αδ∇ = ∂ − Γ − Γ



MetricMetric isis covariantlycovariantly constantconstant

( ) 0g xµ αβ∇ ≡



RiemannRiemann tensortensor

Riemann tensor at a point measures Riemann tensor at a point measures 
curvature in the neighborhood of this pointcurvature in the neighborhood of this point..

Rµ µ µ µ σ µ σ
ναβ α νβ β να σα νβ σβ να= ∂ Γ − ∂ Γ + Γ Γ − Γ Γ



SymmetriesSymmetries ofof RiemannRiemann tensortensor

R Rµν µνρσ ρσ=

R Rρσ ρσµν νµ= −

R Rρσ σρµν µν= −



OtherOther curvaturecurvature tensorstensors

RicciRicci tensortensor

CurvatureCurvature scalar

R Rµ
νβ νµβ

µ µ µ σ µ σ
µ νβ β νµ σµ νβ σβ νµ

=

= ∂ Γ − ∂ Γ + Γ Γ − Γ Γ

scalar

R g Rνβ
νβ=



ExampleExample: : thethe spheresphere

MetricMetric
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ChristoffelChristoffel symbolssymbols
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RiemannRiemann tensortensor

RicciRicci tensortensor

CurvatureCurvature scalar

2 2sinR rθφθφ θ=
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BianchiBianchi identityidentity

1 0
2

R g Rµ
µν µν

⎛ ⎞∇ − ≡⎜ ⎟
⎝ ⎠

This important identity is analogous to the This important identity is analogous to the 
identity for the LHS of the second pair of identity for the LHS of the second pair of 
Maxwell equationsMaxwell equations

0Fµνρσ
ν ρσε ∂ ≡



CouplingCoupling to to mattermatter

Gravity tells matter how to moveGravity tells matter how to move
Matter’s energy and momentum tells Matter’s energy and momentum tells 
spacetimespacetime how to curvehow to curve
In empty space Einstein equations have In empty space Einstein equations have 
the formthe form

0Rµν =



In the presence of matter the equation In the presence of matter the equation 
should be of the formshould be of the form

TTµνµν is called energyis called energy--momentum tensor.

8R G Tµν µνπ+ =…

momentum tensor.



PropertiesProperties ofof ee--mm tensortensor

TTµνµν is symmetric in is symmetric in µ, ν;µ, ν;
TT0000 is energy density, is energy density, ρρ;;
TTiiii are pressures in direction are pressures in direction i , pi , pii ;;
For perfect isotropic, relativistic fluid, in the For perfect isotropic, relativistic fluid, in the 
system, in which it is at restsystem, in which it is at rest
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EE--mm tensor for tensor for electromagneticelectromagnetic fieldfield
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EquationsEquations ofof motionmotion

In flat space matter equations of motion In flat space matter equations of motion 
can be expressed with the help of can be expressed with the help of TTµνµν as as 
followsfollows

0Tµ
µν∂ =



For For perfectperfect fluidfluid

The general expression for energy The general expression for energy 
momentum  tensor of the fluid (gas) momentum  tensor of the fluid (gas) 
composed of particles iscomposed of particles is

( )T pg p u uµν µν µ νρ= + +

Four velocity



In In flatflat spacespace

ComponetsComponets of four velocity are of four velocity are uuµµ=(1,=(1,v v i i ), ), 
where where vv is much smaller than 1;is much smaller than 1;
Pressure is much smaller from energy Pressure is much smaller from energy 
densitydensity;;
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MotionMotion ofof thethe fluidfluid

ContinuityContinuity equationequation

EulerEuler equation
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CurvedCurved spacespace generalizationgeneralization

To generalize our result to curved space To generalize our result to curved space 
we must only replace partial derivative by we must only replace partial derivative by 
the covariant onethe covariant one

0T µν
µ∇ =



Einstein Einstein equationsequations

We We knowknow thatthat

Thus
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ConsistencyConsistency withwith vacuumvacuum eqnseqns
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HomogeneousHomogeneous andand isotropicisotropic
solutionsolution

In many contexts we are interested in In many contexts we are interested in 
solution in which matter distribution is solution in which matter distribution is 
homogeneous and isotropic.homogeneous and isotropic.
In such a case the energy momentum In such a case the energy momentum 
tensor is the one of perfect fluid with tensor is the one of perfect fluid with 
energy density and pressure depending energy density and pressure depending 
only on time.only on time.



MetricMetric

The homogeneous and isotropic metric The homogeneous and isotropic metric 
can be brought to the formcan be brought to the form

2 2 2 (3)( )ds dt a t d= − + Ω



ddΩΩ(3)(3) is the metric of threeis the metric of three--dimensional dimensional 
maximally symmetric space. There are maximally symmetric space. There are 
only three such spacesonly three such spaces
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ItIt cancan be be compactlycompactly rewrittenrewritten asas
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Einstein Einstein equationequation

In In thethe metricmetric

TheThe onlyonly freefree parameterparameter isis a(ta(t)

2 2 2 (3)( )ds dt a t d= − + Ω

)



TheThe energyenergy--momentummomentum isis

( ) ( ( ) ( ))T p t g t p t u uµν µν µ νρ= + +



Einstein Einstein equationsequations

FriedmanFriedman equationsequations
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IntegrabilityIntegrability conditioncondition

Differentiating second equation and Differentiating second equation and 
eliminatingeliminating second time derivative we findsecond time derivative we find

Which is nothing but energy conservation

( ).3 23 0a pa aρ + =�

Which is nothing but energy conservation
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