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Our goal is ….Our goal is ….

To find out what the dynamics of To find out what the dynamics of 
gravitational field is.gravitational field is.
We know that the gravitational field is We know that the gravitational field is 
associated with the metric, and according associated with the metric, and according 
to the Second Newton’s Law, its dynamics to the Second Newton’s Law, its dynamics 
should be expressed in terms of the should be expressed in terms of the 
second order differential equation for the second order differential equation for the 
metric.metric.



Today we will restrict ourselves to the Today we will restrict ourselves to the 
vacuum equations, i.e., gravity in absence vacuum equations, i.e., gravity in absence 
of matter.of matter.
But we know that metric tensor has a But we know that metric tensor has a 
geometric meaning; it follows that the field geometric meaning; it follows that the field 
equations for gravity should be expressed equations for gravity should be expressed 
in terms of geometric objects as well.in terms of geometric objects as well.



ThusThus ……

We must start with some differential We must start with some differential 
geometry on curved manifolds.geometry on curved manifolds.



A A manifoldmanifold ……

Is some Is some smoothsmooth hypersurfacehypersurface of of 
dimension dimension dd (in our case (in our case d = 4d = 4) imbedded ) imbedded 
in Rin RNN, N>d., N>d.
Differential geometry deals with objects Differential geometry deals with objects 
that are intrinsically defined on the that are intrinsically defined on the 
manifoldmanifold (independent (independent of imbeddingof imbedding)), like , like 
scalar functions, tangent vectors, tensors, scalar functions, tangent vectors, tensors, 
etcetc..



Differentiation of functionsDifferentiation of functions

For For flat spaceflat space, if there is a scalar function , if there is a scalar function 
f(xf(x), ), then its derivative along the vector then its derivative along the vector 
with components with components vvαα equalsequals

We assume that this definition holds in the We assume that this definition holds in the 
curved case as well, independently of the curved case as well, independently of the 
coordinates
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In In particularparticular

In Cartesian coordinates we haveIn Cartesian coordinates we have

and in spherical onesand in spherical ones

xv

( )( ) ( ) ( , , )x y z
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DifferentiationDifferentiation ofof vectorsvectors

To differentiate we must move vector To differentiate we must move vector 
parallelyparallely along the curve and then along the curve and then 
comparecompare

Tangent 
vector vα

∆ u



AffineAffine connectionconnection

Note that in order to differentiate vectors Note that in order to differentiate vectors 
we need an additional structure (which is we need an additional structure (which is 
obvious in the flat space), telling how to obvious in the flat space), telling how to 
parallel transport vectors from one point to parallel transport vectors from one point to 
another. This structure is called another. This structure is called affine affine 
connection.connection.
We will not derive the way how to We will not derive the way how to 
differentiate vectors, instead we use the differentiate vectors, instead we use the 
geodesic equation to learn how this can be geodesic equation to learn how this can be 
donedone



GeodesicGeodesic equationequation
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CanCan be be rewrittenrewritten asas

ΓΓαα
µνµν areare calledcalled ChristoffelChristoffel symbols
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Tangent Tangent vectorvector

We We cancan rewriterewrite thethe
geodesicgeodesic equationequation as

xα(λ)

vα(x)
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ButBut

SoSo thatthat we we cancan writewrite thethe geodesicgeodesic eqneqn. as

d v
d

µ
µλ

≡ ∂

. as

( ) ( )
( ) ( ) ( ) ( ) 0,

0 ( ) ( ) ( ) ( )

v v x x v x v x

v v x x v x v v x

µ α α µ ν
µ µν

µ α α ν µ α
µ µν µ

∂ + Γ =

= ∂ + Γ = ∇



CovariantCovariant derivativederivative

TheThe covariantcovariant
derivativederivative

IsIs thethe rightright derivativederivative, , 
replacingreplacing partialpartial
derivativederivative ofof thethe flatflat
spacespace andand preservingpreserving
tensor tensor charactercharacter ofof
objects

( ) ( ) ( ) ( )v x v x x v xα α α ν
µ µ µν∇ = ∂ + Γ

objects



CovariantCovariant derivativesderivatives ofof tensorstensors

( ) ( ) ( ) ( )v x v x x v xα α α ν
µ µ µν∇ = ∂ + Γ

( ) ( ) ( ) ( )v x v x x v xβ
µ α µ α µα β∇ = ∂ − Γ

( ) ( ) ( ) ( ) ( ) ( )t x t x x t x x t xδ δ
µ αβ µ αβ µα δβ µβ αδ∇ = ∂ − Γ − Γ



ItIt cancan be be easilyeasily checkedchecked

ThatThat thethe metricmetric isis covariantlycovariantly constantconstant

( ) 0g xµ αβ∇ ≡



GeometricalGeometrical meaningmeaning

In In flatflat spacespace, , partialpartial derivativederivative ∂∂µµ isis
infinitesimalinfinitesimal translationtranslation inin directiondirection µ.µ.
SimilarlySimilarly, , inin curvedcurved spacespace, , covariantcovariant
derivativederivative ∇∇µµ isis infinitesimalinfinitesimal parallelparallel
translationtranslation inin directiondirection µ.µ.
         
     !!!!



ParallelParallel transporttransport

IfIf therethere isis a a curvecurve
withwith tangent tangent vectorvector
vα(x) and we want 
to paralel transport 
a vector uα(x) along
it we must solve the
equation
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CurvatureCurvature

IfIf therethere isis anan
infinitesimalinfinitesimal closedclosed
curvecurve ((looploop) ) andand we we 
parallelparallel transport a transport a 
vectorvector alongalong itit
ThenThen thethe differencedifference
isis proportionalproportional to to 
curvaturecurvature



RiemannRiemann tensortensor

CurvatureCurvature isis measuredmeasured by by RiemannRiemann
tensor, tensor, defineddefined inin termsterms ofof ChristoffelChristoffel
symbolssymbols

Rµ µ µ µ σ µ σ
ναβ α νβ β να σα νβ σβ να= ∂ Γ − ∂ Γ + Γ Γ − Γ Γ



ContractingContracting we we getget

RicciRicci tensor tensor 

CurvatureCurvature scalar
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VacuumVacuum Einstein Einstein equationsequations

0Rµν =



NowNow letlet usus checkcheck

If the Schwarzschild metric is indeed a If the Schwarzschild metric is indeed a 
solution of vacuum Einstein equations.solution of vacuum Einstein equations.
By doing that we will also convince By doing that we will also convince 
ourselves that Einstein equations have ourselves that Einstein equations have 
right weak field limit, as the Schwarzright weak field limit, as the Schwarzsschild child 
metric doesmetric does..



RecallRecall thatthat ……
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TheThe nonvanishingnonvanishing componentscomponents ofof
RiemannRiemann tensor tensor areare
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SoSo for for exampleexample
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